CONGRUENCE BETWEEN DUKE-IMAMOGLU-IKEDA 
LIFTS AND NON-DUKE-IMAMOGLU-IKEDA LIFTS 
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Abstract. Let k and n be positive even integers. For a Hecke 
eigenform g in the Kohnen plus sbspace of weight fc — n/2 + 1/2 for 
Jo (4), let / be the primitive form of weight 2k — n for SL2(Z) cor- 
responding to g under the Shimura correspondence, and /„(<?) the 
Duke-Imamoglu-Ikeda lift of g to the space of cusp forms of weight 
k for Spni'Z). Then we characterize prime ideals giving congruence 
between In{g) and another cuspidal Hecke eigenform not coming 
from the Duke-Imamoglu-Ikeda lift in terms of the specilal values 
of the Hecke L-function and the adjoint L-function of /. 



1. Introduction 

As is well known, there is a congruence between the Fourier coeffi- 
cients of Eisenstein series and those of cuspidal Hecke eigenforms for 
SL2{Z). This type of congruence is not only interesting in its own right 
but also has an importan application to number theory as shown by 
Ribet [Ril]. Since then, there have been so many important results 
about the congruence of elliptic modular forms (cf. [Hil],[Hi2],[Hi3].) 
In the case of Hilbert modular forms or Siegel modular forms, it is 
sometimes more natual and important to consider the congruence be- 
tween the Hecke eigenvalues of Hecke eigenforms modulo a prime ideal 
^. We call such a ^ a prime ideal giving the congruence or a congruence 
prime. For a cuspidal Hecke eigenform / for SL2{7i), let / be a lift of 
/ to the space 581; (r") of modular forms of weight / for a modular group 
r'. Here we mean by the lift of / a cuspidal Hecke eigenform whose 
ceratin L-function can be expressed in terms of certain L-functions of 
/. As typical examples of the lift we can consider the Doi-Naganuma 
lift, the Saito-Kurokawa lift, and the Duke-Imamoglu-Ikeda lift. We 
then consider the following problem: 
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Problem. Characterize the prime ideals giving the congruence be- 
tween f and a cuspidal Hecke eigenform in Wti{r') not coming from 
the lift. In particular characterize them in terms of special values of 
certain L-functions of f. 

This type of problem was first invetigated in the Doi-Naganuma lift 
case by Doi, Hida, and Ishii [D-H-I]. In our previous paper [Ka2], we 
considered the relationship between the congruence of cuspidal Hecke 
eigenforms with respect to 5'p„(Z) and the special values of their stan- 
dard zeta functions. In particular, we proved a conjecture proposed by 
Harder [Ha] concerning the congruence between Saito-Kurokawa hfts 
and non-Saito-Kurokawa lifts under certain conditions. (See also [Br].) 
In this paper, we consider a congruence between Duke-Imamoglu-Ikeda 
lifts and non-Duke-Imamoglu-Ikeda lifts, which is a generalization of 
our previous conjecture. We explain our main result more precisely. 
Let k and n be positive even integers. For a Hecke eigenform g in the 
Kohnen plus sbspace of weight k — n/2 + 1/2 for /o(4), let / be the 
primitive form of weight 2k — n for 5'L2(Z) corresponding to g under 
the Shimura correspondence, and In{g) the Duke-Imamoglu-Ikeda lift 
of g to the space of cusp forms of weight k for 5'p„(Z). Moreover let 
L(s, /) and L(s, /, Ad) be the Hecke's L-function and the adjoint L- 
function of /, respectively. Then our main result can be roughly stated 
as follows: 

A prime ideal in the Hecke field of f dividing the numerator of 
the algebraic part o/ L(A;, /) J^"^^^"*^ L(2i + 1,/, Ad) gives a congru- 
ence between In{g) and a Hecke eigenform not coming from the Duke- 
Imamoglu-Ikeda lift (cf. Theorem 4.7). 

The paper is organized as follows. In Section 2, we review the Hecke 
theory of Siegel modular forms and the standand L function. In Sec- 
tion 3, we review a result concerning the relationship between the con- 
gruence of cuspidal Hecke eigenforms with respect to 5'pn(Z) and the 
special values of their standard zeta functions. In Section 4, we propose 
a conjecture concerning the congruence between Duke-Imamoglu-Ikeda 
lifts and non-Duke-Imamoglu-Ikeda lifts, and prove it under a certain 
condition. By using this theorem, we can give a non-trivial example 
of congruence between the Duke-Imamoglu-Ikeda lift and non-Duke- 
Imamoglu-Ikeda lift (cf. Example in Section 4). 

The author thanks Professor C. Poor and Professor D. Yuen for 
informing him the estimate of the dimension of the space of cusp forms 
of weight 18 for Sp4{Z). The author also thanks Professor B. Heim, 
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Professor H. Hida, Professor S. Yasuda, and Professor T. Yamauchi for 
their valuable comments. 

Notation. For a commutative ring R, we denote by M^„(i?) the 
set of (m, n)-matrices with entries in R. In particular put Mn{R) = 
Mnn{R)- Here we understand Mmn{R) the set of the empty matrix if 
m = or n = 0. For an (m, n)-matrix X and an (m, m)-matrix A, 
we write A[X] = ^XAX, where ^X denotes the transpose of X. Let 
a be an element of R. Then for an element X of M„i_n{R) wc often 
use the same symbol X to denote the coset X mod aM^n^R). Put 
GL^{R) = {A e M^{R) I detA e R*}, where detA denotes the 
determinant of a square matrix A, and R* denotes the unit group of 
R. Let Sn{R) denote the set of symmetric matrices of degree n with 
entries in R. Furthermore, for an integral domain R of characteristic 
different from 2, let HniR) denote the set of half- integral matrices of 
degree n over i?, that is, UniR) is the set of symmetric matrices of 
degree n whose {i, j)-component belongs to i? or |i? according as i = j 
or not. For a subset S of Mn{R) we denote by the subset of S 
consisting of non- degenerate matrices. In particular, if S' is a subset 
of 5'„(R) with R the field of real numbers, we denote by S^q (resp. 
5'>o) the subset of S consisting of positive definite (resp. semi-positive 
definite) matrices. Let R' be a subring of R. Two symmetric matrices 
A and A' with entries in R are called equivalent over R' with each 
other and write Ar^ji'A' if there is an element X of GLn{R') such that 
A' — A[X]. We also write ^4 ~ ^4' if there is no fear of confusion. For 

square matrices X and Y we write X±Y = 



2. Standard zeta functions of Siegel modular forms 
For a complex number x put e{x) = exp{2^^^/^x) . Furthermore put 

Jn = ( I , where denotes the unit matrix of degree n. For 

a subring K ofR put 

GSpn(K)+ = {M e GL2n{K) I J„[M] = k(M) J„ with some k{M) > 0}, 
and 

Spr,{K) = {Me GSp^{Ky I UM] = JJ. 
Furthermore, put 

r(") = Spr,{Z) = {M e GL^niT.) I J„[M] = J„}. 
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(A B 
C D 

with A, B,C,De M^iK). We define a subgroup r^''\N) of r(") as 

r^''\N) = { ( ^ ^ ) e | c ^ o„ mod n). 

(A B 
C D 

GSpn{B)+ and Z e H„ put 

M(Z) = {AZ + S)(CZ + D)-^ 

and 

j(M,Z) =det(CZ + D). 

Furthermore, for a function / on H„ and an integer k we define /|feM 
as 

{f\uM){Z) = dct{M)'/'j{M,Z)-'f{M{Z)). 

For an integer or half integr / and the subgroup rlf^\N) of r^"'\ we 
denote by Wik{r^"'\N)) the space of (holomorphic) modular forms of 
weight k with respect to /^"^(iV). We denote by ek{r^''\N)) the sub- 
space of mk{r^'"\N)) consisting of cusp forms. Let / be a modular 
form of weight k with respect to r^^\N). Then / has the following 
Fourier expansion: 

m = Yl Cf{A)e{tr{AZ)l 
AeH„(z)>o 

and in particular if / is a cusp form, / has the following Fourier ex- 
pansion: 

f{Z) = Yl Cf{A)e{tr{AZ)), 

Ae-H„(Z)>o 

where tr denotes the trace of a matrix. Let dv denote the invariant 
volume element on H„ defined by 

dv ^ det(Im(Z))""~^ /^i<j<i<n (dxji A di/ji). 

Here for Z e H„ we write Z = {xji) + with real matrices [xji] 

and {yji). For two modular forms / and g of weight I with respect to 
r^\N) we define the Petersson scalar product {f,g) by 

(/,^) = [r(«) : r^''\N)]-' f /(Z)^det(Im(Z))'d^, 
provided the integral converges. 
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Let L„ = Lq(G5'p„(Q) + , r'*^")) denote the Hecke algebra over Q 
associated with the Hecke pair (G'5p„(Q)+,r(")). Furthermore, let 
L° = Lq(S'p„(Q), r*^"^) denote the Hecke algebra over Q associated 
with the Hecke pair (Spn{Q,), T^"'^). For each integer m define an ele- 
ment Tim) of L„ by 

T{m) = Yl r('^)(cii±...±4±ei±...±e„)r("), 

di,...,dn,ei,...,en 

where di, dn, Ci, e„ run over all positive integer satisfying 

di\di+i, Cj+ilcj {i = 1, ...,n- 1), (i„|e„, diCj = m {i = 1, ....,n). 
Furthermore, for i = 1, n and a prime number p put 

and {p~^) = r^^^\p^^ln)r^"'\ As is well known, L„ is generated over 
Q by all T{p),Ti{p'^) {i = l,...,n), and {p~^). We denote by the 
subalgebra of L„ generated by over Z by all T{p) and Tiij?) {i ~ 
Let T = r^^^Mr^""^ be an element of L„ C. Write T as 
T = U^r(")7 and for / e a){fe(r(")) define the Hecke operator \kT 
associated to T as 

/|,T = det(M)^/2-('^+i)/2^/|,7. 

7 

We call this action the Hecke operator as usual (cf. [A].) If / is an 
eigenfunction of a Hecke operator T G L„ ® C, we denote by A/(T) its 
eigenvalue. Let L be a subalgebra of L„. We call / e 5>lfc(r(")) a Hecke 
eigenform for L if it is a common eigenfunction of all Hecke operators 
in L. In particular if L = L„ we simply call / a Hcckc eigenform. Fur- 
thermore, we denote by Q(/) the field generated over Q by eigenvalues 
of all T e L„ as in Section 1. As is well known, Q(/) is a totally real 
algebraic number field of finite degree. Now, first we consider the inte- 
grality of the eigenvalues of Hecke operators. For an algebraic number 
field K, let Ok denote the ring of integers in K. The following assertion 
has been proved in [Mi2] (see also [Ka2].) 

Theorem 2.1 Let k>n+l. Let f e @fc(r(")) be a common eigen- 
form in L^. Then A/(T) belongs to ^q(/) for any T e L^. 

Let Lnp = L{GSpn{Q)^ n GL2„(Z[p-i]), T^")) be the Hecke alge- 
bra associated with the pair (GSpniQ,)^ H GL2n{'Zj[p^^]), T^^^^)- L„p 
can be considered as a subalgebra of L„, and is generated over Q by 
T{p) and Ti{p^) (i = 1,2, ..,n), and We now review the Sa- 

take p-parameters of L„p; let P„ = Q[Xq,X^, ■■■i^n] be the ring of 
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Laurent polynomials in Xq, Xi, Xn over Q. Let be the group 
of Q-automorphisms of P„ generated by all permutations in variables 
Xi, Xn and by the automorphisms ti, t„ defined by 

niXo) = XoXi, n{Xi) = x-\ niXj) = Xj {j ^ i). 

Furthermore, a group W„ isomorphic to W„ acts on the set T„ = 
^Qx^n+i ^ ^g^y similarly to above. Then there exists a Q-algebra 
isomorphism <l>„p, called the Satake isomorphism, from L„p to the W„- 
invariant subring P^" of P„. Then for a Q-algebra homomorphism A 
from L„p to C, there exists an element (q;o(p. A), Q!i(p, A), an{p, A)) 
of Tn satisfying 

A($-pi(F(Xo, Xi, XJ)) = F(ao(p, A), A), a„(p. A)) 

for F G P^". The equivalence class of (ao(P) A), Q;i(p, A), A)) 
under the action of W„ is uniquely determined by A. We call this the 
Satake parameters of L„p determined by A. 

Now assume that an element / of Mfc(S'p„(Z)) is a Hecke eigen- 
form. Then for each prime number p, f defines a Q-algebra homo- 
morphism A/,p from hnp to C in a usual way, and we denonte by 
ao{p),ai(p), ....,an{p) the Satake parameters of L„p determined by /. 
We then define the standard zeta function L(s, /, St) by 

n 

p i=l 

Let f{z) = Yl a{A)e{tr{Az)) be a Hecke eigenform in ©^(r^")). 

Ag-K„(Z)>o 

For a positive integer m < k — n such that m = n mod 2 put 

A(m / St) = ^_-^^n{m+l)/2+l2-4kn+3n^+n+{n-l)m+2 



X 



r(m + 1) [[r{2k -n- l) ^ . . ^-n(n+l)/2+ 



1=1 



Then the following theorem is due to Bocherer [B2] and Mizumoto [Mi] . 

Theorem 2.2. Let I, k and n be a positive integers such that p{n) < 
I < k — n, where p{n) = 3, or 1 according as n = 1 mod 4 and n > 5, 
or not. Let f e @fc(-^*''*-') be a Hecke eigenform. Assume that all the 
Fourier coefficients of f belong to Q(/). Then A(m, /, St) belongs to 

Q(/)- 

For later purpose, we consider a special element in L^^; the polyno- 
mial X^XiX2 ■■■Xn Er=i(^i + ^r^) is an element of P^", and thus 
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we can define an element (X0X1X2 ■ ■ ■ X„ Y7i=i{^i + ^i ^)) of 
which is denoted by ri. 

Proposition 2.3. Under the above notation the element ri belongs 
to L^, and we have 

n 

j=i 

Proof. By a careful analysis of the computation in page 159-160 of 
[A], we see that ri is a Z-linear combination of Tj(p^) {i = 1, n), and 
therefore we can prove the first assertion. Furthermore, by Lemma 
3.3.34 of [A], we can prove the second assertion. 

3. Congruence of modular forms and special values of 
the standard zeta functions 

In this section we review a result concerning the congruence between 
the Hecke eigenvalues of modular forms of the same weight following 
[Ka2]. Let K be an algebraic number field, and £> = Ok the ring 
of integers in K. For a prime ideal ?P of £), we denote by £)(5p) the 
locahzation of at ?P in K. Let 5t be a fractional ideal in K.li% = ?|J^^ 
with ^£'(5p) = £)(?p) we write ord?p = e. We simply write ord?|5(c) = 
ordsp((c)) for c E K. Now let / be a Hecke eigenform in ©^(r'^"''') and 
M be a subspace of &k{r^^^) stable under Hecke operators T e L„. 
Assume that M is contained in (C/)-*-, where (C/)-*- is the orthogonal 
complement of C/ in with respect to the Petersson product. 

Let K be an algebraic number field containing Q(/). A prime ideal 
^ of Ok is called a congruence prime of / with respect to M if there 
exists a Hecke eigenform g E M such that 

Xf{T) ^ X,{T) mod I 

for any T G L'^, where |i is the prime ideal of OKQ{g) lying above ^. If 
M = (C/)^, we simply call ^ a congruence prime of /. 

Now we consider the relation between the congruence primes and 
the standard zeta values. To consider this, we have to normalize 
the standard zeta value A(/, /, St) for a Hecke eigenform / because 
it is not uniquely determined by the system of Hecke eigenvalues of /. 
We note that there is no reasonable normalization of cuspidal Hecke 
eigenform in the higher degree case unlike the elliptic modular case. 
Thus we define the following quantities: for a Hecke eigenform f{z) — 
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^j^Cf{A)e{tr{Az)) in let 3/ be the £>Q(/)-module generated 

by all Cf{Ays. Assume that the following: 

(*) There exists a complex number c such that all the Fourier coeffi- 
cients of belongs to Q(/). 

Then 3/ is a fractional ideal in Q(/), and therefore, so is A(/, /, St)3/ 
if I satisfies the condition in Theorem 2.2. We note that this fractional 
ideal does not depend on the choice of c. We also note that the value 
A^Q(/)(A(/, /, St))A^(3/)^ does not depend on the choice of c, where 
N{'^f) is the norm of the ideal 3/- Then, by [Kat2], we have 

Theorem 3.1. Let f be a Hecke eigenform in ©^(r''^"'^). Assume the 
condition (*). Let I be a positive integer satisfying the condition in The- 
orem 2.2. Let^ be a prime ideal ofO. Assume thatord^{A(l, /, St)3/) < 
and that it does not divide {21 — 1)!. Then is a congruence prime 
of f. In particular, if a rational prime number p divides the denomina- 
tor o/ A^Q(/)(A(Z, /, St))A^(3/)^, then p is divisible by some congruence 
prime of f. 

Remark. If the multiplicity one property holds for SkiT^"^^), the 
condition (*) holds for any cuspidal Hecke eigenform in Sk{r'^"-^). In 
[Kat3], we have treated the case where the condition (*) does not nec- 
essarily hold. 

Now for a Hecke eigenform / in ©^(r'*^"''), let denote the subspace 
of @fc(r'''"^) spanned by all Hecke eigenforms with the same system of 
the Hecke eigenvalues as /. 

Corollary. In addition to the above notation and the assumption, 
assume that ©^(r'*^")) has the multiplicity one property. Then ^ is a 
congruence prime of f with respect to . In particular, if a rational 
prime number p divides the denominator o/ Ai'Q(j)(A(/, /, St))iV(3/)^, 
then p is divisible by some congruence prime of f with respect to 

4. Congruence between Duke-Imamoglu-Ikeda lifts and 
non-Duke-Imamoglu-Ikeda lifts 

In this section, we consider the conguence between Duke-Imamoglu- 
Ikeda lifts and non-Duke-Imamoglu-Ikeda lifts. Throughout this sec- 
tion and the next, we assume that n and k are even positive inte- 
gers. Let g he a. Hecke eigenform belonging to the Kohnen plus space 
@fc_„/2+i/2(-^o(4)). Then g has the following Fourier expansion: 

9i^) = XI ^s^^)^^^^)' 
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where e runs over all positive integers such that (— l)'^~"/^e = 0,1 mod 4. 
Moreover let 

oo 

/(^) = X] Cf{m)e{mz) 

m=l 

be the primitive form in ^2k~n{SL2{'L)) corresponding to g via the 
Shimura correspondence. For a Dirichlet character x, we then define 
the L-f unction L{s, f,x) of f twisted by x by 

p 

where /3p is a non-zero complex number such that l3p+(3p^ = p^^^+^/^+i/^^.^ 
We simply write L{s, f) as L{s, f, x) if X is the principal character. We 
also define the adjoint L-function L{s, /, Ad) of / by 

^(^,/, Ad) = n{(i - /3pV^)(i - f3;'p-n{i-p-')r'. 

p 

We note that L{s, /, Ad) coincides with L(s, /, St). Now we put 

ci„i,)iT) = c,(|b^|) ]Jip'~-/'-'/'Ppr^^-^FpiT,p~^-^'^/'P;'). 
p 

We note that ci^(^g){T) does not depend on the choice of /9p. Define a 
Fourier series In{g){Z) by 

Inig)iZ) = Yl c,„(,)(r)e(tr(TZ)). 

T6W„(Z)>o 

In [Ikl] Ikeda showed that In{g){Z) is a cusp form of weight k with 
respect to F^"'^ and a Hecke eigenform for L° such that 

n 

L{s, Ug), St) = as)l[L{s + k - t,f). 

i=l 

This was first conjecture by Duke and Imamoglu. Thus we call In{g) 
the Duke-Imamoglu- Ikeda lift of g (or of /). We note that we have 
Q(fi') = Q{In{g)) = Q(/)- Furthermore, we have % = 'ii„(g), where % 
is the £)Q(/)-module generated by all the Fourier coefficients of g. 

Now to consider a congurence between Duke-Imamoglu-Ikeda lifts 
and non-Duke-Imamoglu-Ikeda lifts, first we prove the following: 

Proposition 4.1 In{g) is a Hecke eigenform. 

We note that Ikeda proved in [Ikl] that In{g) is a Hecke eigenform 
for L° but has not proved that it is a Hecke eigenform for L„J3 We 

"This was pointed to us by B. Hcim (see [He].) 
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also note that an explicit form of the spinor L-f unction of In{g) was 
obtained by Murakawa [Mu] and Schmidt [Sch] assuming that In{g) is 
a Hecke eigenform. 

Proof of Proposition 4.1. We have only to prove that /„((?) is 
an eigenfunction of T{p) for any prime p. The proof may be more or 
less well konwn, but for the covenience of the readers we here give the 
proof. For a modular form 

F(Z) = ^c^(B)e(tr(BZ)), 

B 

let c'p\b) be the 5-th Fourier coefficient of F\T{p). Then for any 
positive definite matrix B we have 

cf {B) = dldr^ ■■■dn 

di\d2\---\dn\p 

X J2 det D-''cF{p-^A['D]), 

D&A„{di±---d„)An 

where A„ — GL„(Z). 

Now let En,k{Z) be the Siegel Eisenstein series of degree n and of 
weight k defined by 

For k > n + 1, the Siegel Eisenstein scries En,k{Z) is a holomorphic 
modular form of weight k with respect to Furthermore, E^^k^Z) 

is a Hecke eigenform and in particular we have 

where 

n 

r=l l<ii<---<i,.<n 

Let Cn,k{B) be the i?-th Fourier coefficient of En,k{Z). Then we have 

di\d2\---\dn\p 

X J2 det D-''cr,,kip-'B['D]). 

D&An{dl±-dn)An 

Let B be positive definite. Then we have 

CnAB) = an,k{det 2Bf-^^+'''^/^L{k - n/2, xb) H F.iB.p-'^), 

1 
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where an,k is a non-zero constant depending only on n and k. We note 
that we have 

F,{p-'B['D],X)^F,(B,X) 
for any D e A„(di± • • • d„)A„ with di\ - ■ • \dn\p ii q p. Thus we have 

K,p{p^)Fp{B,p-^) = pnei+(n-l)e2+-+e„^(ei+...+e„)(fe-n-l) 

ei<e2<-<en<l 

DeA„\A„(p«i±-pe„)A„ 

The both-hand sides of the above are polynomilals in p^ and the equal- 
ity holds for infinitely many k. Thus we have 

K,p{X-^)Fp{B,X)^ pnei+(n-l)e2+-+e„(jSj^-l^-n-l^(ei+...+e„) 

ei<e2<---<en<l 

X F,{p-'B['DIX) 

DeA„\A„(p<=i±--p<=n)A„ 

as polynomials in X and X~^ . Thus we have 

_ pnk-n{n+l)/2 ^ ^ pr!.ei+(r!.-l)e2H \-e„ 

ei<e2<---<e„<l 

X ^ detL'-*^(p'=-("+^)/2X-i)"-(f^-i5[*«i)Fp(p-^S[*L>],p-("+^)/'X). 

DeA„(p<=i±-p<=")A„ 

We recall that we have 

9 

where for each prime number q /3q is the non-complex number defined 
before. We also note that Cg{\ip-iB[tD]\) — Cg{\iB\) for any D. Thus we 
have 

= p-^-n(n+l)/2 ^ . . . ^ L>-'=C,„(,)(p-^S[*L>]). 

di\d2\-\d„\p DeA„(di±-d„)A„ 

This proves the assertion. 

Let {fi, fd} be a basis of &2k-n{r^^'') consisting of primitive 
forms. Let K be an algebraic number field containing Q(/i) ■ ■ ■ Q(/d), 
and A = Dk- To formulate our conjecture exactly, we introduce the 
Eichler-Shimura periods as follows (of. Hida [Hi3].) Let / be a prim- 
itive form in @2fe-n(-^^^^)- Let ^ be a prime ideal in K. Let Asp be a 
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valuation ring in K corresponding to Assume that the residual char- 
acteristic of is greater than or equal to 5. Let L(2k—n—2,A^)he the 
module of homogeneous polynomials of degree 2k— n— 2 in the variables 
X, Y with coefficients in A^. We define the action of M2(Z) n GL2(Q) 
on L{2k — 11 — 2, via 

^■P{X,Y) = P{\X,Y){^y), 

where 7' = (det7)7"^ Let ifp(rW, L(2A;-n-2, be the parabolic 
cohomology group of F^'^^ with values in L{2k — n — 2, A<^). Fix a point 

^0 G Hi. Let g G @2fe-n(^^^^) or ^ G '€^i^IJWi). We then define the 
differential oj{g) as 

, , , , / 2mg{z){X - zYYdz if G 62fc-n(r«) 



27r^^(z)(X - zYYdz if ^ G @2fc-n(r(i)), 
and define the cohomology class 5{g) of the 1-cocycle of T^^^. as 

7 G r« / 

The mapping g — )■ S{g) induces the isomorphism 



5 : @2fc-n(r«) © @2fc-n(rW) ^ i/^(rW, L(2fc - n - 2, C)), 

which is called the Eichler-Shimura isomorphism. We can define the 
action of Hecke algebra L'^ on Hp{r'^^\ L{2k — n — 2, A^)) in a natural 
manner. Furthermore, we can define the action on H},{r^^\ L{2k- 
n — 2, A^)) as 

FU6{g){z)) = (^-^^ 

and this action commutes with the Hecke action. For a primitive form 
/ and J = ±1, we define the subspace Hp{r^^\ L{2k — n — 2, A9fj,))[f, j] 
of H},{r^^\ L{2k -n-2, A^)) as 

H},(r^'\L{2k-n-2,A^))[f,j] 

= {x e Hl{r^^\L{2k-n-2,A^)) ; x\T = A/(T)xforT G Li, andFoo(a 

Since Asp is a principal ideal domain, Hp{r^^\ L(2k — n — 2, A'^))[f,j] 
is a free module of rank one over A^. For each j — ±1 take a ba- 
sis r]{f,j, A^) of Hp{r^^\ {2k — n — 2, j] and define a complex 
number Asp) by 

{5{f)+jF^{5{f)))/2 = n{f,j-A^)r^{f,j-A^). 
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This fl{f,j; A^) is uniquely determined up to constant multiple of units 
in A^f,. We call Q{f,+;A<3(i) and Q(/, — ; A^) the Eichler-Shimura peri- 
ods. For j = ±,1 < / < 2k — n — 1, and a Dirichlet character x such 
that x(-l) = j{-iy-\ put 

L(<,/,x) = L(/,/,x; 



r{x){2nV^yn{fJ;A^y 

where t(x) is the Gauss sum of x- In particular, put L(Z, /; A<3^) — 
L{1, f,X',V) if X is the principal character. Furthermore, put 

rc(5) = 2(27r)-T(s), 

and 

J. , ,^,_ rc{s)rc{s + 2k-n-l)L{s,f,Ad) 
L(.,/,Ad) - . 

It is well-known that L(Z, /, x) belongs to the field K(x) generated over 
K by all the values of x, and L(/,/, St) belongs to Q(/) (cf. [Bo].) 
Let IrXg) be the Dukc-lmamoglu-Ikeda lift of /. Let ©^(r^"))* be the 
subspace of @fc(r'*^"'*) generated by all the Duke-Imamoglu-lkeda lifts 
/(c/)" of primitive forms g G @2fe-n(i"^^^)- We remark that @fc(r(2))* is 
the Maass subspace of @jk(r(^)). 



Conjecture A. Let g be a Heke eigenform belonging to the Kohnen 
plus subspace ®fc_„/2+i/2(-^o(^))' '^'^'^ f primitive form in &2k-n{r^^'>) 
corresponding to g via the Shimura correspondence. Moreover let K be 
the field as above. Assume that k > n. Let ^ be a prime ideal of K not 
dividing {2k — 1)!. Then is a congruence prime ofIn{g) with respect 
to (©fc(r('^))*)^ if^ divides 
L(^,/)^ri^'L(2^+l,/,Ad). 



Remark. This is an analogue of the Doi-Hida-Ishii conjecture con- 
cerning the congruence primes of the Doi-Naganuma lifting [D-H-I]. 
(See also [Kal].) Wc also note that this type of conjecture has been 
proposed by Harder [Ha] in the case of vector valued Siegel modular 
forms. 



Now to explain why our conjecture is reasonable, we refer to Ikeda's 
conjecture on the Petersson inner product of the Duke-Imamoglu-Ikeda 
hft. Let g and / be as above. Put 



e» = rc(.)C(«). 
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Theorem 4.2. (Katsurada and Kawamura [K-K]) Under the above 
notation and the assumption we have 

i{n)rc{k)L{k,f) n L(2i-l,/,Ad)|(2i) = 2" ^^-^3)f,In{g)) 



i=l 



where a is an integer depending only on n and k. 



We note that the above theorem was conjectured by Ikeda [Ik2] under 

more general setting. Wc note that the theorem has been proved by 
Kohnen and Skoruppa [K-S] in case n = 2. 

Proposition 4.3 Let the notation and the assumption be as above. 
For a fundamental discriminant D such that (— > let xd be 
the Kronecker character correponding to D. Then we have 

Cg{\D\f{f, /)"/^ _ 2"".'-(-l)VH-P|'""^'L(fe-^/2,/,XD) 
UK m{n) H L{2t + 1, /, Ad)C(20 

i=l 

with some integers an,k o-nd bn,k depending only on n and k. 

Proof. By the resuh in Kohnen-Zagier[K-Z], for any fundamental 
discriminant D such that {-lyl'^D > we have 

Cg{\D\f _ 2fe-"/2-i|/j|fc-"/2-i/2r^(A; - n/2)L{k - n/2, /, xd) 

(9,9) ~ {fJ) 

We note that t{xd) is VD or ^/^\/D according as n = mod 4, or 
n = 2 mod 4. This completes the proof. 

Lemma 4.4. Let f be as above. 

(1) Let ri be an element ofL'^ in Proposition 2.3. Then we have 

i=l 

(2) Let n — 2. Then we have 

K^,mp))^c,{p)+p''—'+p'^—\ 

Lemma 4.5. Let d be a fundamental discriminant such that (— > 

0. 

(1) Assume that d ^ 1. Then there exists a positive definite half integral 
matrix A of degree n such that (— l)"/^ det(274) = d. 
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(2) Assume n = mod 8. Then there exsits a positive definite half 
integral matrix A of degree n such that <\et{2A) — 1. 

(3) Assume that n = 4 mod 8. Then for any prime number q there 
exsits a positive definite half integral matrix A of degree n such that 
det{2A) = q^. 



Proof. (1) For two elements a, b of , let (a, b)p denote the Hilbert 
symbol. For a non-degenerate symmetric matrix A with entries in 
Qp let be the Hasse invariant of A. (For the definition of the 

Hasse invariant, see, for example, [1-S].) First let n = 2 mod 4 and 
d — —4. Take a family {Ap}p of half integral matrices over Zp of degree 
n such that Ap = 1„ if p 7^ 2, and A2 = (— l)^""^^/^l2-Li/„/2-i, where 

r 

Hr = 'WT^^Th with H = (^y^ ^ . Then we have detA = 

2^-" e Qp''/(Qp^)^ for any p, and hp{A) = 1 for any p. Thus by [I-S, 
Proposition 2.1], there exists an element A of /^n,2>o such that A Ap 
for any p. In paricular we have (— 1)"^^ det(2A) = —4. Next let d, = 
(-l)"/28. Wc take Ap = (-l)"/22±l^_^ if p ^ 2. We can take ^ G 
such that (2,^)2 = (-l)("-2)("+4)/8^ and put A2 = 2{±(-C)±if„/2_i. 
Then we have det^ = (_i)n/223-n ^ Qp^/(Qp^)2 for any p, and 
hp{A) — 1 for any p. Thus again by [I-S, Proposition 2.1], we prove 
the assertion for this case. Finally assume that d contains a odd prime 
factor q. For p q we take a matrix Ap so that det Ap = 2~"-d e 
Qp'^/iQp'^Y- Then for almost all p we have hp{Ap) = 1. We take C e Z* 
such that {q, -C)g = Ylp^q hp{Ap), and put Ag = ^d±^±ln-2- Then we 
have 2-VdctA, e Q//(Q/)2, and hg{Ag) Ylp^^hp{Ap) = 1. Thus 
again by [I-S, Proposition 2.1], we prove the assertion for this case. 

(2) It is well known that there exists a positive definite half-integral 

n/8 

matrix Es of degree 8 such that det(2£^8) = 1- Thus A = Es-L • ■ ■ -LEg 
satisfies the required condition. 

(3) Let g 7^ 2. Then, take a family {Ap} of half-inegral matrices 
over Zp of degree n such that Aq ~z, Q'-L(— q'0-L(— O-Lln-s with (|) = 
—1,A2 = Hn/2, and Ap = l^j for p 7^ q,2. Then by the same argumemnt 
as in (1) we can show that there exits a positive definite half integral 

matrix A of degree n such that det (2^4) = such that A ~Zp Ap for 

(1 1/2 \ 
11/2)^^^ positive 
1/2 1/2 1/2 1 / 
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(n-4)/8 

definite and det(2y4') = 4. Thus the matrix A'J^Egl. ■ ■ ■ -LEg satisfies 
the required condition. 

Proposition 4.6. Let k and n he positive even integer. Let d he a 
fundamental discriminant. Let f he a primitive form in &2k-nir^^^) . 
Let ^ he a prime ideal in K. Then there exists a positive definite half 
integral matrices A of degree n such that c/„(g)(A) = Cg{\d\)l with an 
integer I not divisihle hy ^. 

Proof. First assume that d ^ 1, or n ^ 4 mod 8. (1) By (1) and (2) 
of Lemma 4.5, there exists a matrix A such that = d. Thus we have 
ci^(^g'){A) = Cg{\d\). This proves the assertion. 

Next assume that n = 4 mod 8 and that d = 1. We show that there 
exists a prime number q satisfying the following condition: 

(**) Cf{q) + g'=-"/2-i(-g - 1) is not divisible by 

Assume that c/(g) + q^^'^^'^^^{—q — 1) is divisible by ^ for any prime 
number q. Let p be a prime number divisible by ^. Fix an imbedding 
Lp : Q — )■ Qp, and let pj^p : G'a/(Q/Q) — )■ GL2{Qp) be the Galois 
representation attached to /. Then by Chebotarev density theorem, 
the semi-simplification of p^p can be expressed as 

with Xp the p-adic mod p cyclotomic character. On the other hand, 
by the Fontaine-Messing [Fo-Me] and Fontaine-Laffaille [Fo-La], Pj''p|/p 
should be x^^fc-^-i ^ i c^2fc-n-i ^ ^p(2fc-n-i) ^.^j^ innda- 
mental character of level 2, where Ip denotes the inertia group of p in 
Ga/(Q/Q). This is impossible because k > 2. Now for a prime number 
q satisfying the condition (**), take a positive definite matrix A in (3) 
of Lemma 4.5. Then 

By [Kal], we have 

Fg{B,X) = 1 - Xg("-2)/2^^2 ^ ^) ^ ^3^^^{n-2)/2)2_ 

Thus we have 

= c.(l)(c/(g) + g'^-Z^-^l-g - 1)). 
Thus the assertion holds. 



^The proof of this fact was suggested by S. Yasuda and T. Yamauchi. 
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Theorem 4.7. Let k > 2n + 4. Let K and f be as above, and |> a 
prime ideal of K. Furthermore assume that 

(1) ^ divides L(A;, /) 1^1=1^^ L(2i + 1, /, Ad). 

(2) ^ does not divide 

n 

|(2m) n L(2m + k-i, f)L{k - n/2, f, XD)D{2k - 1)! 

i=l 

for some integer n/2 + 1 < m < k/2 — n/2 — 1, and for some funda- 
mental discriminant D such that (— > 0. 

Then % is a congruence prime of In{g) with respect to CIn{g)'^- Fur- 
thermore assume that the following condition hold: 

(3) ^ does not divide 

if- f) 



Ck.n 



n{f,+,A^)n{f,-,A^y 



where Ck,n ^ ^ or ng<(2fe-n)/i2(l + Q'^ ^ ) according as n ^ 2 

or not. 

Then ^ is a congruence prime of L,i{g) with respect to 

Proof. Let ?P be a prime ideal satisfying the condition (1) and (2). For 
the D above, take a matrix A e 'Hn{'^)>o so that ci^(^g){A) = Cg{\D\)l 
with an integer / not divisible by ^. Then by Proposition 4.3, we have 

A(2m,4(^),St)|c,„(,)(A)|2=A(2m,4((?),St)|c,(|D|)|¥ 

nr=i L(2m + k-i, /)|D|^-"/^L(A: - n/2, /, xd) 

'''"^ L{k, f )i{n) U:iV L(2^ + 1, Ad)|(2z) 

^^^ n{f,+;f)QU\-,A^) ,n/2 

^ (fj) ^ ' 

where efc.m is a rational number whose numerator is not divided by ^. 

We note that tytt — ; — a''^\J^} j a-t is ^-integral. Thus by assump- 

n{f,+;A^)n{f,^-A^) 

tions (1) and (2), ^ divides (A(2m, /^(fi'), St)c/„(g)(A)2)-\ and thus it 
divides (A(2m, St)37„(g))~^- We note that In{g) satisfies the as- 
sumption in Theorem 3.1. Thus by Theorem 3.1, there exits a Hecke 
eigenform G e C{In{g))'^ such that 

Ag(T) = A,„(,)(T) mod^ 

for any T e L^. Assume that we have G — In{g') with some Hecke 
eigenform g' ^ gin ®fc_„/2+i/2(^o(4)), and let f'{z) = YZ=i Cf'{m)e{mz) 
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be the primitive form in @2fc-n(-^'^^'') corresponding to g' via tlie Siiimura 
correpondence. Let n — 2. Then by (2) of Lemma 4.4, ?P is also a con- 
gruence prime of /. Let n > A. Then by (1) of Lemma 4.4, we have 

{p""'^ + ---+P+l)cf(p) = (p"~^ + ---+P + l)cf{p) mod^ 

for any prime number p not divisible by ^. By assumption (3), in par- 
ticular, for any p < {2k — n)/12, we have 

Cf{p) = Cfi{p) mod ?p. 

Thus by Sturm [Stur], ?P is also a congruence prime of /. Thus by 

(f f) 

[Hi2l and [Ri2l, ^ divides ^ , — . n'// x a-^^ which contradicts 

the assumption (3). Thus ^ is a congruence prime of In{g) with respect 

to (@fe(r("))*)^. 

□ 

Example Let n = 4 and k = 18. Then we have dim @i8(r(^)) 16 
(cf. Poor and Yuen[P-Y]) and dim @i8(r(4))* = dim @+ (ro(4)) = 
dim @32(-r*-^^) = 2. Take a basis (71,(72 consisting of Hecke eigenforms 
in @^y(r'o(4)), and /j be the primitive form in @32(r'*^^-*) corresponding 
to gi under the Shimura correspondence. Put g — gi and f = fi- Then 
we have [Q(/) : Q] = 2. Now consider the prime number 211. Then it 
is decomposed into two prime ideals as 211 = ?P^' in Q(/). Then we 
have 

iVQ(^)/Q(L(18, /)) = 2^ • 32 ■ 52 • 72 • 11 • 13 • 211, 

4 

A^q(/)/q(JJ L(24-i, /)) = 2^9-3^^-5^-7^-ll2-13^-17^-19^-23-503-1307-14243, 

i=l 

e(6) = 2-2 • 3-2 • 7-1 

and 

iVQ(;)/Q(L(16, /, xi) = 2^ ■ 3^ ■ 5'^ ■ 72 . 11 ■ 132. 

(cf. Stein [Ste].) Thus by Theorem 4.7, ^ or ^' is a congruence prime of 
/„(g') with respect to {CIn{g))^- Furthermore, by a direct computation 
wc see neither ^ nor ?P' is a congruence prime of In{g) with respect to 
C/n(fi'2)- This implies that ^ or ^' is a congruence prime of In{g) with 
respect to @i8(rW)*^. 
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